Recently, in [7] , we have succeeded in constructing Galois theory of simple rings under the assumption that the extension $R/S$ considered is hereditarily Galois (h-Galois) and locally fnute. However, we have believed that [7, 
is simple for each regular intermediate ring , then [7, Theorem 3.1] is still valid even for a regular intermediate ring $R^{\prime}$ of $R/S$ (Theorem 6). The proof of this improvement will be given in \S 3. \S 2 is devoted exclusively to the treaty of algebraic Galois extensions, which is our second purpose. In fact, Theorem 4 may be regarded as a complete extension of [2, Theorem 3] to simple rings as well as an improvement of [7, Lemma 1.9] . \S 2 contains also a sharpening of [7, Lemma 1.10 
] (Theorem 5).
Throughout the present paper, $R=\sum_{1}^{n}De_{ij}$ be a simple ring, where $e_{ij}' s$ are matrix units and $D=V_{R}(\{e_{ij}' s\})$ is a division ring. And $S$ be always a simple subring of $R$ (containing 1 of $R$ ), $\mathfrak{G}$ the group of all the $S-(ring)$ automorphisms of $R$ . Further, we set $C=V_{R}(R),$ $Z=V_{S}(S),$ $V=V_{R}(S),$ $H=V_{R}(V)$ and $C_{0}=$ $V_{V}(V)$ . As to general notations and terminologies used here we follow the previous paper [7] .
1. Now, we shall begin our study with the following lemma. Proof. By [7, Lemma 1.3] and [7, And then, noting that $\tau^{\prime}$ $=\tau(\sigma_{j}\tilde{v})^{-1}\in \mathfrak{H}(T)$
, we obtain $\tau|T^{\prime}=\tau^{\prime}\sigma_{j}^{\sim_{J}}\tau|T^{\prime}=\sigma_{j}\tilde{v}|T^{\prime}\in\Sigma_{1}^{t}(\overline{V}\sigma_{i}|T^{\prime})R_{r}$ , which is a contradiction. Now, by making use of the same method as in the proof of [7, If a division ring $R$ is Galois over $S,$ $\mathfrak{H}R_{r}$ is dense in $Hom_{S_{l}}(R, R)$ for any subgroup $\mathfrak{H}$ of $\mathfrak{G}$ . Consequently, we obtain the following corollary, that is [4, Theorem 1] itself. And, one should remark here that the proof of Theorem 1 is notably easier than that of [4, Theorem 1] given in [4] . Corollary 1. Let a division ring $R$ be Galois over $S,$ $\mathfrak{H}$ a suhgroup of
To prove Theorems 2 and 3, the following generalization of [6, Lemma 4] will be needed. . And so, we have $x_{r}^{*}\epsilon_{j}=\epsilon_{j}(x^{*}\sigma_{j}^{\prime})_{r}$ , whence it follows $x^{*}\epsilon_{j}=(1\epsilon_{j})\cdot(x^{*}\sigma_{j}^{\prime})$ . Hence, $\mathfrak{M}_{j}=\epsilon_{j}R_{r}=(\sigma_{j}^{\prime}u_{jl}|S^{*})R_{r}$ with $u_{j}=1\epsilon_{j}$ . Since $\mathfrak{M}_{j}$ is contained in $Hom_{s_{l}^{\prime}}(S^{*}, R)$ , it will be easy to see that . Hence, we obtain
Further, Lemma 2 enables us to apply the same arguments as in the proofs of [7, Lemma 3.11] and [7, Corollary 3.7 ] to see the following theorem that contains [7, Corollary 3.7] obviously. [3] . However, for the sake of completeness, we shall present here their proofs those are rather easier than the earlier ones. is locally finite by Lemma 3. Accordingly, $R/S$ is locally finite again by [ . Hence, $R^{\prime\prime}$ is inner Galois and finite over $H=V_{R^{\prime\prime}}(V)$ . Accordingly, the rest of the proof proceeds just as in the last part of Case I.
Thus, we have proved our first step assertion, and at the same time we have seen that $H$ is a simple ring. . $r^{\prime}$ is contained inQby [6, Lemma8] and S' $containse_{k1}=r^{\prime k-1}ar^{\prime n-1}$ $(k=1, \cdots, n)$ . And so, $V_{R}(S^{\prime})\subseteq V_{R}(\{e_{11}, e_{21}, \cdots, e_{n}1\})=D$ , whence . As $R$ is $S_{1\Gamma}R-$ completely reducible by Lemma 2, we shall denote by $n(E)$ the length of its composition series, which is evidently bounded with the capacity of $R$ and so finite. Now, we set $n(E_{0})={\rm Min} n(E)$ , where $E$ ranges over all the finite subsets of $R^{**}$ . Then, $R=N_{1}^{*}\neq\cdots\oplus N_{n(E_{0})}^{*}$ with $S_{E_{0}}-R$ -irreducible $ N_{i^{\backslash }}^{*}' s.\cdot$ Here, we assume that $E$ is an arbitray finite subset of $R^{**}$ containing $E_{\cap}$ and $R$ $=N_{1}\oplus\cdots\oplus N_{n(E)}$ is a direct decomposition of $R$ into $S_{1\Gamma}R$ -irreducible submodules. Since each $N_{i}$ is yet $S_{E_{0}}-R$ -admissible, we have $n(E)\leq n(E_{0})$ , whence it follows $n(E)=n(E_{\sigma})$ . Hence . Recalling here that $S_{F}=\lrcorner\sum S_{E}^{\prime}g_{pq}^{*}$ , it will be easy to see that $V_{R}(S_{\Gamma_{\lrcorner}}^{f})=\Sigma V_{R}(S_{F_{-}})g_{pq}^{*}$ , which proves that $S_{E}^{f}$ is a regular subring of $R$ . Now, to be easily verified, $S_{E_{0}\cup F}^{\prime}$ can be adopted as our 
